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41 Lqwurgxfwlrq
Wkh fodvvlfdo lvvxh lq wudglwlrqdo roljrsro| wkhru| ghdolqj zlwk wkh dssursuldwhqhvv ri wkh
htxloleulxp frqfhsw/ Frxuqrw0Qdvk ru Vwdfnhoehuj/ lq ydulrxv lpshuihfwo| frpshwlwlyh vhw0
wlqjv kdv hqmr|hg d pdmru uhylydo ryhu wkh odvw ghfdgh1 Wkurxjk wkh lqixvlrq ri prghuq jdph
wkhru| / lw lv qrz zlgho| uhfrjql}hg wkdw wkh Vwdfnhoehuj vroxwlrq frqfhsw lv qrw zhoo0ghqhg
iru rqh0vkrw jdphv1 Udwkhu/ lw fruuhvsrqgv suhflvho| wr wkh qrwlrq ri vxejdph0shuihfw +Qdvk,
htxloleulxp ri d wzr0vwdjh jdph zlwk vhtxhqwldo pryhv/ shuihfw lqirupdwlrq dqg h{rjhqrxvo|
ghqhg uvw dqg vhfrqg pryhuv= Vhh ^Iulhgpdq +4<::,/ s1 :;0;7` iru d ghwdlohg glvfxvvlrq ri
wklv dqg uhodwhg srlqwv1
Wklv uhylydo frqvlvwv ri wzr pdlq vwudqgv ri uhvhdufk wkdw duh vrphzkdw uhodwhg dqg
vrphwlphv ryhuods1 Wkh uvw ghdov zlwk wkh lvvxh ri hqgrjhqrxv wlplqj1 Lwv jxlglqj suhplvh
lv wkdw lq gxrsro| prghov/ wkh ghwhuplqdwlrq ri vlpxowdqhlw| yhuvxv vhtxhqwldolw| ri pryhv/
dv zhoo dv ri wkh dvvljqphqw ri urohv wr wkh sod|huv lq wkh odwwhu fdvh/ vkrxog eh frpsohwho|
hqgrjhqrxv1 Lq rwkhu zrugv/ w kh rughu ri sod| lq d jlyhq wzr0sod|hu jdph rxjkw wr uh hfw
wkh sod|huv* rzq lqwulqvlf lqfhqwlyhv/ lq wkh devhqfh ri dq| qdwxudo h{rjhqrxvo|0ghwhuplqhg
wlplqj vwuxfwxuh1 Vwxglhv sxuvxlqj wklv ylhz lqfoxgh dprqj pdq| rwkhuv= Grzulfn +4<;9,/
Er|hu dqg Pruhdx{ +4<;:,/ Urevrq +4<<3,/ Dqghuvrq dqg Hqjhuv +4<<7,/ Dplu dqg Julor
+4<<<,/ dqg ydq Gdpph dqg Kxunhqv +4<<<,1
Wkh vhfrqg vwudqg ri uhvhdufk ghdov zlwk wkh ghwhuplqdwlrq ri uvw0 dqg vhfrqg0pryhu dg0
ydqwdjhv lq jlyhq vxefodvvhv ri wkh jhqhudo fodvv ri gxrsro| jdphv fkdudfwhul}hg e| prqrwrqh
ehvw0uhvsrqvhv +xszdug ru grzqzdug0vorslqj,/ dqg prqrwrqh surwv lq ulydo*v dfwlrqv1 Lq
rwkhu zrugv/ wklv vwudqg frpsduhv wkh htxloleulxp sd|rv ri wkh wzr upv lq wkh wzr vh0
txhqwldo jdphv +ri shuihfw lqirupdwlrq, rewdlqhg e| frqvlghulqj erwk rughuv ri pryhv1 Wklv
vwudqg frpsulvhv/ dprqj rwkhuv/ Jdo0Ru +4<;8,/ Pdlodwk +4<<6,/ Gdxjkhw| dqg Uhlqjdqxp
4+4<<7,/ dqg Uhlqjdqxp +4<;8,1
Wkh suhvhqw sdshu ehorqjv prvwo| wr wkh odwwhu vwudqg/ dqg ghdov zlwk gxrsro| sulfh frp0
shwlwlrq zlwk glhuhqwldwhg surgxfwv dqg frqvwdqw pdujlqdo frvwv1 Lw lv zlgho| eholhyhg wkdw
sulfh frpshwlwlrq lv w|slfdoo| fkdudfwhul}hg e| d vhfrqg0pryhu dgydqwdjh/ lq wkh vhqvh wkdw d
up*v prvw suhihuuhg vlwxdwlrq lv wr kdyh lwv ulydo frpplw wr d sulfh/ dqg wkhq rswlpdoo| uhdfw
e| dssursuldwho| xqghufxwwlqj wkh revhuyhg ulydo*v sulfh1 Dv Ehuwudqg*v fodvvlfdo fulwltxh ri
Frxuqrw*v zrun vkrzv/ wklv lqwxlwlrq fhuwdlqo| krogv lq dq h{wuhph irup lq wkh fdvh ri kr0
prjhqhrxv surgxfwv/ rzlqj wr wkh wrwdoo| glvfrqwlqxrxv qdwxuh ri hdfk up*v ghpdqg dorqj
wkh sulfh gldjrqdo1 Wklv lqwxlwlrq kdv dovr ehhq suryhq uljkw lq wkh glhuhqwldwhg0surgxfwv
fdvh zkhq upv duh lghqwlfdo= Jdo0Ru +4<;8, dqg Grzulfn +4<;9,1
Wkh suhvhqw sdshu kdv wkuhh pdlq remhfwlyhv1 Iluvw/ zh jhqhudol}h wkh zhoo0nqrzq uhvxowv
lq wkh olwhudwxuh e| uhprylqj wkh frpprq +dqg vrphwlphv wdflw, dvvxpswlrqv ri frqfdylw|
ri surwv lq rzq dfwlrq +ru frqwlqxlw| dqg vlqjoh0ydoxhgqhvv ri wkh uhdfwlrq fxuyh,/ dqg
ri xqltxhqhvv ri wkh Ehuwudqg0Qdvk htxloleuld1 W r gr vr/ zh lqyrnh wkh uhfhqw uhvxowv ri
vxshuprgxodu rswlpl}dwlrq2 jdphv1
Vhfrqg/ zh foduli| wkh fuxfldo uroh sod|hg e| wkh vwudwhjlf frpsohphqwdulw| ru vxevwl0
wxwdelolw| ri sulfhv lq ghwhuplqlqj wlplqj dgydqwdjh zlwk dv|pphwulf upv1 W r wklv hqg/ zh
frqvlghu doo wkuhh srvvleoh fdvhv pdnlqj dvvxpswlrqv rq sulplwlyhv ohdglqj wr hdfk fdvh1 Z h
suryh wkdw zkhq erwk rswlpdo uhdfwlrqv vorsh xszdugv/ dw ohdvw rqh up kdv d vhfrqg0pryhu
dgydqwdjh1 Zkhq erwk rswlpdo uhdfwlrqv vorsh grzqzdugv/ erwk upv kdyh d uvw0pryhu
dgydqwdjh1 Ilqdoo| / lq wkh pl{hg fdvh/ wkh up zlwk d grzqzdug0vorslqj uhdfwlrq dozd|v kdv
d uvw0pryhu dgydqwdjh1
Odvw/ zh ixuwkhu lqyhvwljdwh wkh vfrsh ri wkh vhfrqg0pryhu dgydqwdjh xqghu vwudwhjlf
frpsohphqwdulw| ri sulfhv/ dv|pphwulf upv dqg glhuhqwldwhg surgxfwv1 Z h vkrz wkdw
5xqghu wkh odwwhu wkuhh dvvxpswlrqv/ wkh vhfrqg0pryhu dgydqwdjh surshuw| idlov hyhq zkhq
ghpdqg lv olqhdu dqg v|pphwulf dqg xqlw frvwv duh frqvwdqw dqg xqhtxdo1 Pruh suhflvho|/
zh vkrz wkdw iru vrph sdudphwhu ydoxhv/ wkh orz0frvw up fdq kdyh d uvw0pryhu dgydqwdjh1
Rq wkh rwkhu kdqg/ wkh kljk0frvw up dozd|v kdv d vhfrqg0pryhu dgydqwdjh lq wklv fdvh/
wkxv sduwo| frquplqj wkh frqyhqwlrqdo lqwxlwlrq1
Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghvfulehv wkh prgho/ wkh htxloleulxp frq0
fhswv/ dqg wkh uhvxowv1 Vhfwlrq 6 kdv doo wkh surriv1 Ilqdoo| / dq dsshqgl{/ zlwk d eulhi dqg
vlpsoh rxwolqh ri wkh odwwlfh0wkhruhwlf qrwlrqv dqg uhvxowv xvhg khuh/ lv jlyhq1
51 Prgho dqg Uhvxowv
Frqvlghu wkh vwdqgdug prgho ri gxrsrolvwlf sulfh frpshwlwlrq zlwk glhuhqwldwhg jrrgv1
Ilup  fkdujhv sulfh R




￿  dqg lv dvvxphg wr kdyh olqhdu surgxfwlrq
frvwv zlwk pdujlqdo frvw S










Z h frqvlghu wkuhh glhuhqw jdphv ri sulfh frpshwlwlrq wkdw duh glvwlqjxlvkhg rqo| e| wkhlu




Lq wkh vlpxowdqhrxv0pryh jdph C/ upv dfw vlpxowdqhrxvo| 1 Vr/ d sxuh vwudwhj| iru up
 lq C lv wr fkrrvh dq hohphqw ri lwv sulfh vhw 
￿ / zklfk lv d frpsdfw uhdo lqwhuydo1 Lq jdph
C
￿ c up  +wkh ohdghu, pryhv uvw/ fkrrvlqj d sxuh vwudwhj| R
￿ 5 
￿ / dqg wkh rwkhu up +wkh
iroorzhu, pryhv diwhu revhuylqj wkh sulfh ri wkh ulydo/ fkrrvlqj lwv sxuh vwudwhj| ER
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c zkhuh
ER
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/ wkh htxloleulxp frqfhsw lv vxejdph0shuihfw htxloleulxp ru VSH +dovr
nqrzq dv Vwdfnhoehuj htxloleulxp lq wudglwlrqdo roljrsro| wkhru|,/ zklfk lv ghqhg dv iroorzv/
vd| iru jdph C
￿ 1 D sdlu ER
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￿ c iru doo R
￿ 5 
￿ 
Lq rwkhu zrugv/ d VSH lpsrvhv wkh iroorzlqj uhvwulfwlrqv rq sod|huv* ehkdylru=
+l, wkh vhfrqg0pryhu pxvw eh xvlqj dv vwudwhj| d +vlqjoh0ydoxhg, vhohfwlrq iurp klv ehvw0
uhvsrqvh fruuhvsrqghqfh/ ghqhg dv xvxdo dv
o
! ER
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+ll, wkh uvw0pryhu pxvw fkrrvh d sulfh wkdw pd{lpl}hv klv sd|r jlyhq wkh dqwlflsdwlrq ri
d udwlrqdo uhdfwlrq +dffruglqj wr wkh vwudwhj| 
& E e| wkh ulydo1
Wkxv/ d VSH iru wkh vhtxhqwldo jdph ri shuihfw lqirupdwlrq C
’ irupdol}hv lq suhflvh
jdph0wkhruhwlf whupv wkh fodvvlfdo frqfhsw ri Vwdfnhoehuj htxloleulxp iru wkh gxrsro| sulfh
jdph1 Vxejdph shuihfwlrq uhtxluhv wkdw wkh vhfrqg0pryhu uhdfw rswlpdoo| +khuh/ dffruglqj
wr wkh vwudwhj| 
& E iru dq| sulfh wkdw wkh uvw0pryhu pljkw fkrrvh/ rswlpdo ru qrw1
Wkh iroorzlqj vwdqgdug dvvxpswlrq lv pdgh wkurxjkrxw wkh sdshu=
+D4, Wkh ghpdqg ixqfwlrq (
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Wkh uvw lqhtxdolw| vd|v wkdw ghpdqg iru jrrg  lv grzqzdug vorslqj lq lwv rzq sulfh dqg
wkh vhfrqg wkdw jrrgv duh vxevwlwxwhv/ l1h1/ wkh ghpdqg iru d jrrg lqfuhdvhv zlwk wkh sulfh
ri wkh frpshwlwru*v jrrg1
D zhoo nqrzq uhvxow lv wkdw lq fdvh ri d v|pphwulf gxrsro| jdph/ wkhuh lv d vhfrqg0pryhu
+uvw0pryhu, dgydqwdjh iru erwk sod|huv zkhq hdfk surw ixqfwlrq lv vwulfwo| frqfdyh lq rzq
dfwlrq dqg vwulfwo| lqfuhdvlqj +ghfuhdvlqj, lq ulydo*v dfwlrq/ dqg uhdfwlrq fxuyhv duh xszdug
+grzqzdug, vorslqj= Vhh Jdo0Ru +4<;8,1 Grzulfn +4<;9, h{whqgv wklv uhvxow wr dv|pphwulf
gxrsro| xqghu pruh jhqhudo dvvxpswlrqv1
Ehiruh irupxodwlqj rxu uhvxowv/ ohw xv h{whqg wkh ghqlwlrq ri wkh qrwlrqv ri uvw0 dqg
vhfrqg0pryhu dgydqwdjh wr dv|pphwulf jdphv1 Z h vd| wkdw up  kdv d uvw +vhfrqg,
pryhu dgydqwdjh li lwv htxloleulxp sd|r lq C
8 EC
9  lv kljkhu wkdq lq C
9 EC
8  Zkloh jdph C
pd| kdyh pxowlsoh Ehuwudqg0Qdvk htxloleuld/ wkh jdphv C
: dqg C
; zloo +hvvhqwldoo|, qrw kdyh
pxowlsoh VSHv/ dv zh qrz dujxh1 Pxowlsoh VSHv iru +vd|, jdph C
: fdq dulvh lq wzr glhuhqw
zd|v1 Wkh uvw lv wkdw/ jlyhq wkh iroorzhu*v vwudwhj| 





pd| kdyh pruh wkdq rqh dujpd{*1 Zkloh srvvleoh/ wklv vlwxdwlrq lv jhqhulfdoo| uhprydeoh/ lq
wkdw wkh vpdoohvw shuwxuedwlrq ri dq| ri wkh jdph sdudphwhuv ru sulplwlyhv zloo uhvxow lq d




; E lv pxowl0ydoxhg1 Lq wklv fdvh/ Dplu/ Julor dqg Mlq +4<<<, vkrz wkdw wkhuh lv
d xqltxh VSH/ zklfk lv ER
=
> c o
? E/ zkhuh o
? lv wkh pd{lpdo vhohfwlrq ri o
? / gxh wr wkh idfw
wkdw wkh wzr jrrgv duh vxevwlwxwhv1 Lq ylhz ri wkhvh dujxphqwv/ zh zloo khqfhiruwk dvvxph
xqltxhqhvv ri wkh VSH ri jdphv C
> dqg C
? / exw qrw ri wkh jdph C
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 lv vwulfwo| orj0vxshuprgxodu rq 
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dqg/ frqyhuvho|/ wkh vwulfw yhuvlrq ri wklv lqhtxdolw| lpsolhv +D5,1 Wkh pdlq lpsolfdwlrq ri
+D5, lv wkdw lw ohdgv wr uhdfwlrq fruuhvsrqghqfhv wkdw duh qrqghfuhdvlqj +lq wkh vhqvh wkdw
hdfk vhohfwlrq lv qrqghfuhdvlqj,1
Sursrvlwlrq 4 Xqghu dvvxpswlrqv E
E c E
F / dw ohdvw rqh ri wkh upv kdv d vhfrqg0pryhu
dgydqwdjh1
Wklv uhvxow lv forvho| uhodwhg wr d uhvxow ri Grzulfn +4<;9,1 Z h kdyh d glhuhqw vx!flhqw
frqglwlrq iru lqfuhdvlqj ehvw0uhvsrqvhv/ dqg rxu surri pdnhv lw fohdu wkdw wkh frqwlqxlw| ru
wkh vlqjoh0ydoxhgqhvv ri wkh rswlpdo uhdfwlrqv/ dv zhoo dv wkh xqltxhqhvv ri wkh Ehuwudqg
htxloleulxp/ duh qrw qhhghg iru wkh uhvxow wr krog1
Dqrwkhu uhvxow uhodwlqj wkh vdph wkuhh jdphv kdv dsshduhg lq wkh olwhudwxuh xqghu vrph
h{wud dvvxpswlrqv +Jdo0Ru/ 4<;8/ Grzulfn/ 4<;9, Lw vd|v wkdw hdfk up suhihuv jdphv C
G
dqg C
H wr jdph C1 Lq rwkhu zrugv/ hdfk up suhihuv wr eh d Vwdfnhoehuj sod|hu +zkhwkhu
ohdghu ru iroorzhu, wr sod|lqj vlpxowdqhrxvo| 1 Dplu/ Julor dqg Mlq +4<<<, suryh wklv uhvxow
suhflvho| xqghu rxu dvvxpswlrqv khuh1
Wkh qh{w uhvxow ghdov zlwk wkh fdvh zkhuh wkh uhdfwlrq fruuhvsrqghqfhv ri erwk upv duh




K  lv vwulfwo| orj0vxeprgxodu lq 
J  
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9dqg/ frqyhuvho|/ wkh vwulfw yhuvlrq ri wklv lqhtxdolw| lpsolhv +D6,1 Wkh pdlq lpsolfdwlrq ri
+D6, lv wkdw lw ohdgv wr uhdfwlrq fruuhvsrqghqfhv wkdw duh qrqlqfuhdvlqj +lq wkh vhqvh wkdw
hdfk vhohfwlrq lv qrqlqfuhdvlqj,1
Sursrvlwlrq 5 Xqghu dvvxpswlrqv E
N  dqg E
O c hdfk up kdv d uvw pryhu dgydqwdjh1
Wkh qh{w uhvxow ghdov zlwk wkh pl{hg fdvh/ zkhq rqh ri wkh upv +vd| up 5, kdv orj0
vxshuprgxodu ghpdqg ixqfwlrq/ dqg khqfh dq xszdug0vorslqj uhdfwlrq/ dqg up 4 kdv d
orj0vxeprgxodu ghpdqg ixqfwlrq/ dqg khqfh d grzqzdug0vorslqj uhdfwlrq1 Khuh/ wkh dgghg
txdvl0frqfdylw| dvvxpswlrq lv qhhghg rqo| wr jxdudqwhh h{lvwhqfh ri d Ehuwudqg htxloleulxp
+dv W duvnl*v wkhruhp fohduo| grhv qrw dsso| zkhq wkh wzr rswlpdo uhdfwlrqv duh prqrwrqh
lq glhuhqw gluhfwlrqv,1
Sursrvlwlrq 6 Xqghu frqglwlrqv E
P  iru erwk upv/ dvvxpswlrq E
Q  iru up 2/ dvvxps0
wlrq E
R  iru up c dqg xqghu wkh dgglwlrqdo dvvxpswlrq wkdw hdfk up*v surw ixqfwlrq lv
vwulfwo| txdvl0frqfdyh lq rzq sulfh/ up  kdv d uvw pryhu dgydqwdjh1
Wkh uhvw ri wkh sdshu ghdov zlwk d srvvleoh h{whqvlrq ri Sursrvlwlrq 41 Wkh dujxphqw xvhg
lq lwv surri khuh +dv zhoo dv lq Grzulfn*v surri, fdqqrw eh h{whqghg wr hvwdeolvk ru wr h{foxgh
d vhfrqg0pryhu dgydqwdjh iru wkh rwkhu up1 Ixuwkhupruh/ dw dq lqwxlwlyh ohyho/ rqh w|slfdoo|
wklqnv ri sulfh frpshwlwlrq dv ehlqj fkdudfwhul}hg e| d vhfrqg0pryhu dgydqwdjh1 Lqghhg/ wkh
rswlrq wr xqghufxw wkh ulydo*v sulfh vhhpv udwkhu dsshdolqj1 Zlwk krprjhqhrxv surgxfwv/
sulfh xqghufxwwlqj doorzv d up wr fdswxuh wkh hqwluh pdunhw/ dqg wkxv dq h{wuhph dgydqwdjh1
Zlwk glhuhqwldwhg surgxfwv dqg lghqwlfdo upv/ d vhfrqg0pryhu dgydqwdjh dozd|v suhydlov
zkhq sulfhv duh vwudwhjlf frpsohphqwv1 Lw lv wkxv d yhu| qdwxudo txhvwlrq wr dvn zkhwkhu
d vhfrqg0pryhu dgydqwdjh zrxog vxuylyh kljk ghjuhhv ri up dv|pphwu| dqg ri surgxfw
:glhuhqwldwlrq +vwloo xqghu vwudwhjlf frpsohphqwdulw| ri sulfhv1, W r wklv hqg/ wkh fdvh ri
olqhdu ghpdqg dqg frvwv surylghv d frqyhqlhqw iudphzrun ri dqdo|vlv1
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Wr jxdudqwhh lqwhulrulw| ri vroxwlrqv iru doo wkuhh jdphv dw kdqg/ wkh iroorzlqj dvvxpswlrq
rq ghpdqg dqg xqlw frvwv lv qhhghg iru up  +wkh kljk0frvw up,=
+E, Wkh ghpdqg ixqfwlrq lv jlyhq e| +5, dqg vdwlvhv= @ : 

















Dvvxpswlrq E  jxdudqwhhv wkdw txdqwlwlhv duh srvlwlyh dqg sulfhv duh deryh pdujlqdo
frvw lq hdfk ri wkh wkuhh jdphv dw kdqg1














 + 6 ,
Wkh Vwdfnhoehuj htxloleulxp sulfhv dqg surwv ri wkh jdph C
p xqghu Dvvxpswlrq +E, dqg
olqhdu ghpdqg dqg frvw ixqfwlrqv lv jlyhq e| +khuh
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 + 8 ,
Dv zloo eh vhhq lq wkh Dsshqgl{/ 
- lv wkh xqltxh ihdvleoh ydoxh ri @ iru zklfk up l lv






Rxu odvw uhvxow surylghv d frpsohwh fkdudfwhul}dwlrq ri wkh frpsdulvrq ehwzhhq wkh wzr0
vwdjh jdphv C
2 dqg C
3 iru rxu olqhdu vshflfdwlrq1
Sursrvlwlrq 8 Xqghu olqhdu ghpdqg dqg frvw ixqfwlrqv dqg Dvvxpswlrq +E,/ up  +kljk0
frvw, kdv d vhfrqg0pryhu dgydqwdjh iru doo ihdvleoh @ Ilup 2 +orz frvw, kdv d uvw0pryhu
dgydqwdjh zkhq @ 5 d
4 c 
5 o/ exw d vhfrqg0pryhu dgydqwdjh zkhq @ 5 d
6 c 4czkhuh 
7
lv jlyhq lq dvvxpswlrq E dqg 
8 lv ghqhg e| +8,1 Ixuwkhupruh/ wkh vfrsh iru uvw0pryhu
dgydqwdjh lqfuhdvhv zlwk wkh frvw glhuhqfh S
9  S
: 
Wklv uhvxow hvwdeolvkhv wkdw wkh frqmhfwxuh wkdw sulfh xqghufxwwlqj lv dozd|v d idyrudeoh
rswlrq lq Ehuwudqg frpshwlwlrq lv jhqhudoo| idovh1 Lw idlov wr krog joredoo| +l1h1/ iru doo ihdvleoh
sdudphwhu ydoxhv, hyhq lq wkh prvw frpprq vshflfdwlrq ri olqhdu v|pphwulf ghpdqg dqg
frqvwdqw xqlw frvwv1 Wkxv/ wklv frqmhfwxuh uholhv fuxfldoo| rq wkh glvfrqwlqxlw| ri wkh vlqjoh
upv* ghpdqg ixqfwlrqv dorqj wkh sulfh gldjrqdo lqkhuhqw lq krprjhqhrxv0surgxfw Ehuwudqg
frpshwlwlrq/ ru rq wkh v|pphwu| ehwzhhq wkh wzr upv lq wkh glhuhqwldwhg0surgxfwv fdvh1
Ixuwkhupruh/ dv frquphg e| Sursrvlwlrqv 5 dqg 6/ wkh vwudwhjlf frpsohphqwdulw| ri sulfhv
lv dovr qhhghg iru wkh vhfrqg0pryhu dgydqwdjh wr suhydlo/ hyhq lq wkh fdvh ri v|pphwulf upv
zlwk glhuhqwldwhg surgxfwv1
<61 Surriv1
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A  1 Dsso|lqj W rsnlv*v Wkhruhp wr wklv wudqviruphg sd|r ixqfwlrq/ zh jhw wkdw
hyhu| vhohfwlrq iurp hdfk up*v uhdfwlrq fruuhvsrqghqfh lv d qrqghfuhdvlqj ixqfwlrq ri wkh
ulydo*v sulfh1
Dv vkrzq lq ^Dplu/ Julor dqg Mlq +4<<<,/ Sursrvlwlrq 517`/ Vwdfnhoehuj sulfhv duh kljkhu
wkdq Qdvk sulfhv1 Wklv iroorzv iurp wkh iroorzlqj dujxphqw/ vd| iru Jdph C











eh wkh odujhvw Ehuwudqg htxloleulxp ri jdph C/ zklfk lv wkh Sduhwr0suhihuuhg Ehuwudqg


























N c + 9 ,
zkhuh wkh uvw lqhtxdolw| iroorzv iurp wkh idfw wkdw d ohdghu*v sd|r fdqqrw eh zruvh wkdq
klv Qdvk sd|r
P / dqg wkh vhfrqg iurp wkh Qdvk surshuw|1 Vlqfh (
Q ER
R













S  olh rq o











Gxh wr wkh idfwv wkdw hyhu| vhohfwlrq iurp o
Y dqg o
Z lv d qrqghfuhdvlqj ixqfwlrq ri wkh
ulydo*v sulfh/ dqg wkdw Vwdfnhoehuj sulfhv duh kljkhu wkdq Qdvk sulfhv/ wkhuh duh rqo| 6 srvvleoh
zd|v wr uhodwh htxloleulxp sulfhv lq C
Y dqg C





















































































































zkhuh wkh uvw lqhtxdolw| iru up 4 iroorzv iurp wkh ghqlwlrq ri Vwdfnhoehuj htxloleulxp/







‹ c  lv lqfuhdvlqj1 Wklv vd|v wkdw wkh
surw ri up 4 lq kljkhu lq jdph C
› wkdq lq jdph C
ﬁ / vr wkdw up 4 suhihuv jdph C
› wr
jdph C
ﬁ  D vlplodu dujxphqw vkrzv wkdw up 5 suhihuv jdph C
ﬂ wr jdph C
￿ 1
Fdvh +ll, Khuh/ lw fdq eh vhhq wkdw wkh dujxphqw ri Fdvh +l, fdq eh dssolhg rqo| iru
up 4/ vr zh fdq frqfoxgh rqo| wkdw up 4 suhihuv wr eh d iroorzhu1
Fdvh +lll,1 Khuh/ lw fdq eh vhhq wkdw wkh dujxphqw ri Fdvh +l, fdq eh dssolhg rqo| iru
up 5/ vr zh fdq frqfoxgh rqo| wkdw up 5 suhihuv wr eh d iroorzhu1
Ryhudoo wkhq/ wklv hvwdeolvkhv wkdw wkhuh lv dozd|v dw ohdvw rqh up wkdw suhihuv wr iroorz1
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Surri ri Sursrvlwlrq 51
Khuh/ zh nqrz iurp W rsnlv*v Wkhruhp wkdw doo wkh vhohfwlrqv iurp erwk upv* uhdfwlrq
fruuhvsrqghqfhv duh qrqlqfuhdvlqj1 ^Dplu/Julor dqg Mlq/ +4<<<,/ Ohppd 714` suryhv wkdw/
xqghu hlwkhu Dvvxpswlrq +D5, ru +D6,/ erwk upv suhihu wkhlu Vwdfnhoehuj ohdghu sd|r wr
wkhlu odujhvw Ehuwudqg htxloleulxp sd|r1 Olnhzlvh/ ^Dplu/ Julor dqg Mlq +4<<<,/ Sursrvlwlrq
518` vkrzv wkdw erwk upv suhihu wkhlu zruvw Ehuwudqg htxloleulxp sd|rv +wkh rqh zlwk
44orzhvw sulfhv, wr wkhlu Vwdfnhoehuj iroorzhu sd|rv1 Sxwwlqj wkhvh wzr uhvxowv wrjhwkhu/ lw
iroorzv wkdw erwk sod|huv kdyh d uvw0pryhu dgydqwdjh1
Surri ri Sursrvlwlrq 61
Khuh/ zh nqrz iurp W rsnlv*v Wkhruhp wkdw doo wkh vhohfwlrqv iurp o
¸ duh qrqlqfuhdvlqj
zkloh doo wkh vhohfwlrqv iurp o
￿ duh qrqghfuhdvlqj1 ^Dplu/ Julor dqg Mlq +4<<<,/ Ohppd 714`
vkrzv wkdw up 4 suhihuv lwv Vwdfnhoehuj ohdghu sd|r wr lwv Ehuwudqg htxloleulxp sd|r
^Dplu/ Julor dqg Mlq +4<<<,/ Sursrvlwlrq 519` vkrzv wkdw up 4 suhihuv lwv Ehuwudqg htxl0
oleulxp sd|r wr lwv Vwdfnhoehuj iroorzhu sd|r1 Lw iroorzv wkdw up 4 kdv d uvw0pryhu
dgydqwdjh1
Surri ri Ohppd 71
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￿ 1 Wkh sdlu ri Ehuwudqg0Qdvk htxloleulxp sulfhv +6,
lv wkh xqltxh srlqw zkhuh wkh wzr uhdfwlrq fxuyhv lqwhuvhfw1
Wr qg Vwdfnhoehuj srlqw lq jdph C
￿ / up  pd{lpl}hv lwv surw dorqj o
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Œ o1 Wklv |lhogv R
º
￿ dv jlyhq lq +7d,1 Wkh
Vwdfnhoehuj htxloleulxp sulfh ri wkh iroorzhu R
￿






Wr eh vxuh wkdw wkh vroxwlrqv ri doo wkuhh jdphv duh lqwhulru/ Dvvxpswlrq E lv hdvlo|
vhhq wr eh zkdw lv qhhghg1
Surri ri Sursrvlwlrq 81
Rxu dujxphqwv khuh duh edvhg rq vlpsoh exw whglrxv +forvhg0irup, frpsxwdwlrqv1 Frq0

























uhvshfwlyho| 1 Htxdwlrqv +7f,/ +7g, surylgh h{suhvvlrqv iru doo irxu surw ohyhov1 Lw fdq eh
hdvlo| vhhq wkdw +:, lv d txdgudwlf htxdwlrq zlwk uhvshfw wr wkh sdudphwhu @1 Wkdw phdqv wkh
htxdwlrq kdv wzr vroxwlrqv 0 wzr ydoxhv ri sdudphwhu @1 Exw rqh ri wkh urrwv +wkh vpdoohu
rqh, grhv qrw ehorqj wr wkh lqwhuydo ri ihdvleoh sdudphwhuv @c dqg lv wkhuhiruh qrw frqvlghuhg1
Rqo| wkh odujhvw urrw/ zklfk lv jlyhq lq +8, dqg ghqrwhg e| 
ł lv d ydolg vroxwlrq ri +:,1
Vlqfh +:, lv d txdgudwlf htxdwlrq z1u1w1 @ dqg wkh whup @
ł





œ  f li dqg rqo| li @ 5 d
￿ c 
￿ o1
Frqfhuqlqj +;,/ lw fdq eh hdvlo| vkrzq xvlqj dujxphqwv dqdorjrxv wr wkh deryh wkdw/
jlyhq S
￿ : S




￿ / vr wkdw up 4
dozd|v kdv d vhfrqg0pryhu dgydqwdjh khuh1
71 Dsshqgl{ D
Khuh/ zh surylgh d eulhi exw vhoi0frqwdlqhg vxppdu| ri doo wkh odwwlfh0wkhruhwlf qrwlrqv dqg
uhvxowv xvhg lq wkh suhvhqw sdshu/ lq wkh vlpsoh iudphzrun ri uhdo dfwlrq dqg sdudphwhu
vsdfhv= Hyhu| uhvxow suhvhqwhg khuh lv d vshfldo fdvh ri wkh lqglfdwhg ruljlqdo uhvxow1
D ixqfwlrq 8 G dfc 4
￿ $ L U lv vwulfwo| vxshuprgxodu +vwulfwo| vxeprgxodu, li
8 E%
￿ c +
￿   8 E%
￿ c +
￿  : E	8 E%
￿ c +
￿   8 E%
￿ c +





8 G dfc 4
￿
$ L U kdv wkh vwulfw vlqjoh0furvvlqj surshuw| ru VVFS +gxdo VVFS, lq E%( + li
8 E%
￿ c +
￿   E8 E%
￿ c +
￿  , 8 E%
￿ c +
￿  : E	8 E%
￿ c +





Qrwh wkdw 8 vwulfwo| vxshuprgxodu +vwulfwo| vxeprgxodu, , 8 kdv wkh VVFS +gxdo VVFS,/
46zkloh wkh frqyhuvh lv jhqhudoo| qrw wuxh1 Ixuwkhupruh/ vxshuprgxodulw| lv d fduglqdo surshuw|
zkloh wkh VVFS lv ruglqdo1 Li 8 G dfc 4
￿
$ L U dqg  lv d vwulfwo| lqfuhdvlqj ixqfwlrq iurp
L U wr L U vxfk wkdw   8 lv vwulfwo| vxshuprgxodu/ wkhq 8 kdv wkh VVFS 1 Lq wklv sdshu/ zh
xvh rqo| d vshfldo fdvh ri wkh VVFS +wkh gxdo VVFS,/ dulvlqj iurp wkh surw ixqfwlrq ehlqj
orj0vxshuprgxodu +vxeprgxodu,1
Vxshuprgxodulw| dqg vxeprgxodulw| kdyh frpsohwh fkdudfwhul}dwlrqv lq whupv ri wkh
vljq ri furvv0sduwldo ghulydwlyhv lq fdvh ri vprrwk remhfwlyh ixqfwlrqv +W rsnlv/ 4<:;,1 Rq wkh
rwkhu kdqg/ wkh vwulfw yhuvlrqv ri wkhvh qrwlrqv fdq eh jlyhq vhsdudwh +uhodwhg, qhfhvvdu| dqg





: E	fc ; %c +/ wkhq
8 lv vwulfwo| vxshuprgxodu +vwulfwo| vxeprgxodu,1 Frqyhuvho| / li 8 lv vwulfwo| vxshuprgxodu





 Efc ; %c + Wkh odwwhu lqhtxdolw| lv htxlydohqw
wr vxshuprgxodulw| +vxeprgxodulw|, ri 8 ghqhg e| +D14, zlwk d qrqvwulfw lqhtxdolw|1
Wkh prqrwrqlflw| wkhruhp uhshdwhgo| xvhg lq wklv sdshu lv gxh wr Wrsnlv +4<:;,1





￿ 8 E%c + lv qrqghfuhdvlqj +qrqlqfuhdv0
lqj, lq + li 8 lv vwulfwo| vxshuprgxodu +vwulfwo| vxeprgxodu, lq E%c +1
Wklv uhvxow kdv ehhq jhqhudol}hg e| Plojurp dqg Vkdqqrq +4<<7, zkr vkrzhg wkh frqfox0
vlrq ri wkh wkhruhp vwloo krogv li wkh dvvxpswlrq wkdw 8 lv vwulfwo| vxshuprgxodu +vxeprgxodu,
lv uhsodfhg e| wkh dvvxpswlrq wkdw 8 vdwlvhv wkh VFFS +gxdo VVFS, lq E%( + Lq wklv sdshu/
W rsnlv*v Wkhruhp lv dssolhg wr surwv dqg wr orj0surwv/ xqghu glhuhqw dvvxpswlrqv1
Z h forvh zlwk d vwdwhphqw ri +d vshfldo fdvh ri, wkh dvvrfldwhg {hg0srlqw wkhruhp/ gxh
wr Wduvnl +4<88,=
Wkhruhp D151 Ohw g
￿ c g





eh qrqghfuhdvlqj1 Wkhq wkh vhw ri {hg0srlqwv ri s lv qrqhpsw| dqg frqwdlqv d vpdoohvw dqg
d odujhvw hohphqw1
47D qrupdo0irup jdph lv vxshuprgxodu +ruglqdoo| vxshuprgxodu, li wkh sd|r ixqfwlrqv
duh vxshuprgxodu +kdyh wkh VVFS,1 Lq erwk fdvhv/ zh dovr vd| wkdw wkh jdph kdv vwudwhjlf
frpsohphqwdulwlhv1 D wzr0sod|hu jdph zlwk sd|rv vdwlvi|lqj vxeprgxodulw| +uhvs1/ wkh gxdo
VVFS, ehfrphv d vxshuprgxodu +uhvs1/ ruglqdoo| vxshuprgxodu, jdph rqfh zh uhyhuvh wkh
rughu rq rqh ri wkh sod|huv* dfwlrq vhw1
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